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Abstract. Given a group G of order p1 p2, where p1, p2 are primes, and Fq , a
finite field of order q coprime to p1 p2, the object of this paper is to compute a com-
plete set of primitive central idempotents of the semisimple group algebra Fq [G]. As a
consequence, we obtain the structure of Fq [G] and its group of automorphisms.
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1. Introduction
Let F[G] be the group algebra of a finite group G over a field F . The group algebra F[G]
is of interest in both pure and applied algebra. A good description of the Wedderburn
decomposition of F[G] is useful for describing the automorphism group of F[G], for
studying the unit group of F[G] and has applications in coding theory. The problem of
computing the Wedderburn decomposition of F[G] naturally leads to the computation of
the primitive central idempotents of F[G]. These problems have attracted the attention of
several authors (see [1–8], [10], [11], [12], [14–21]).
In this paper, we restrict to the case, when F = Fq is a finite field with q elements
and G is a group of order p1 p2 coprime to q. In this case, we give explicit expres-
sions for a complete set of primitive central idempotents (Theorem 1) and Wedderburn
decomposition (Theorems 2 and 3) of Fq [G]. Our result may be compared with the
one provided in this case by Corollary 9 of [4]. As a consequence, we also derive the
group of automorphisms of Fq [G] (Theorems 4 and 5). Finally, we give some illustrative
examples.
2. Primitive central idempotents
Let Fq be a finite field with q elements and F¯q its algebraic closure. Let G be a finite
group with o(G), the order of G, coprime to q. We begin by recalling some standard facts
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about the irreducible characters of G over the algebraically closed field F¯q . If χ ∈ Irr(G),
the set of irreducible characters of G over F¯q , then
e(χ) := χ(1)
o(G)
∑
g∈G
χ(g)g−1
is a primitive central idempotent of F¯q [G] and χ → e(χ) is a 1-1 correspondence
between Irr(G) and the set of all primitive central idempotents of F¯q [G]. The Galois
group Gal(F¯q/Fq) acts on Irr(G) by setting
σχ = σ ◦ χ, σ ∈ Gal(F¯q/Fq), χ ∈ Irr(G).
Let orb(χ ) denote the orbit of χ ∈ Irr(G) under this action. Observe that orb(χ ) is equal
to {σχ | σ ∈ Gal(Fq(χ)/Fq)}, where Fq(χ) is the field obtained by adjoining to Fq , all
the character values χ(g), g ∈ G. It is known that for any χ ∈ Irr(G),
eFq (χ) :=
∑
ψ∈orb(χ)
e(ψ) =
∑
σ∈Gal(Fq (χ)/Fq )
e(σ χ)
is a primitive central idempotent of Fq [G], and the map orb(χ ) → eFq (χ) is a 1-1
correspondence between the set {orb(χ) |χ ∈ Irr(G)} of orbits and the primitive cen-
tral idempotents of Fq [G] (see [22]; the treatment in [22] is when char F = 0 but the
arguments work in the present case).
Suppose G has order p1 p2, where p1, p2 are primes. If G is abelian, a description of
the primitive central idempotents of Fq [G] can be read from the results in [2], [4], [18]
and [19]. We thus assume throughout the rest of this section that G is a non-abelian group
of order p1 p2 with p1 > p2 (say). In this case, we must have p1 ≡ 1 mod p2. Let
G = 〈a, b | a p1 = bp2 = 1, b−1ab = au〉, (1)
where u is an element of order p2 in Z∗p1 = Zp1\{0}, be a presentation of G. Let f1 :=
ordp1(q), f2 := ordp2(q) and f3 := ordp1 p2(q) be the multiplicative orders of q modulo
p1, p2 and p1 p2 respectively. Let
e1 := p1 − 1f1 e2 :=
p2 − 1
f2 e3 :=
(p1 − 1)(p2 − 1)
f3 . (2)
Let gi be a primitive root modulo pi and ζi a primitive pi -th root of unity in F¯q (i = 1,
2). For k ≥ 0, define
η
(1)
k :=
f1−1∑
j=0
ζ
gk1q
j
1 , η
(2)
k :=
f2−1∑
j=0
ζ
gk2q
j
2 . (3)
Set
K := Fq
⎛
⎝
p2−1∑
r=0
ζ iu
r
1 | i = 1, 2, . . . , p1 − 1
⎞
⎠ . (4)
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Our main result on primitive central idempotents of Fq [G] is the following:
Theorem 1.
(i) If p2 | f1, then Fq [G] has exactly the following e1 + e2 + 1 distinct primitive central
idempotents:
1
p1 p2
∑
g ∈ G
g,
1
p1 p2
⎛
⎝ f2
p1−1∑
x = 0
ax +
p2−2∑
j = 0
η
(2)
m+ j
⎛
⎝
p1−1∑
x = 0
ax bg
j
2
⎞
⎠
⎞
⎠ , 0 ≤ m ≤ e2 − 1,
p2
p1 [Fq(ζ1) : K ]
⎛
⎝ f1 +
p1−2∑
k = 0
η
(1)
n+ka
gk1
⎞
⎠ , 0 ≤ n ≤ e1 − 1.
(ii) If p2  f1, then Fq [G] has exactly the following e1p2 + e2 + 1 distinct primitive central
idempotents:
1
p1 p2
∑
g∈G
g,
1
p1 p2
⎛
⎝ f2
p1−1∑
x = 0
ax +
p2−2∑
j = 0
η
(2)
m+ j
⎛
⎝
p1−1∑
x = 0
ax bg
j
2
⎞
⎠
⎞
⎠ , 0 ≤ m ≤ e2 − 1,
1
p1 [Fq(ζ1) : K ]
⎛
⎝f1 p2 +
p1−2∑
i = 0
⎛
⎝
p2−1∑
j = 0
η
(1)
n+i+ j. e1p2
⎞
⎠ ag
i
1
⎞
⎠ , 0 ≤ n ≤ e1
p2
−1.
We will prove the theorem in a number of steps.
The primitive central idempotents of the group algebra Fq [Zpn ], where Zpn is the cyclic
group of order pn , p a prime, n ≥ 1 and p  q, have been computed in [18], [19]. We
need the case n = 1, in which case, the description of primitive central idempotents is as
follows:
Lemma 1. Let 〈a〉 be a cyclic group of order p, where p is a prime coprime to q. Let
f = ordp(q), e = (p−1)/ f and g a primitive root modulo p. The group algebra Fq [〈a〉]
has exactly the following e + 1 distinct primitive (central) idempotents:
1
p
(1 + a + · · · + a p−1),
1
p
⎛
⎝ f +
p−2∑
j = 0
ηi+ j ag
j
⎞
⎠ , 0 ≤ i ≤ e − 1
where ηk = ∑ f −1j=0 ζ g
kq j
, ζ a primitive p-th root of unity in F¯q .
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The complex irreducible characters of G have been computed in Theorem 25.10 of [9];
the same proof also works for the irreducible characters of G over the algebraically closed
field F¯q , thus yielding the following:
Lemma 2. The group G = 〈a, b | a p1 = bp2 = 1, b−1ab = au〉, has exactly p2 + p1−1p2
irreducible characters over F¯q , of which p2 characters are of degree 1 and p1−1p2 are of
degree p2. The non-trivial irreducible characters, ψm, 0 ≤ m ≤ p2 − 2, of degree 1 are
given by
ψm(a
x by) = ζ−gm2 y2 , ax by ∈ G, 0 ≤ m ≤ p2 − 2
and the irreducible characters φn , 0 ≤ n ≤ p1−1p2 − 1, of degree p2 over F¯q are given by
φn(a
x by) =
⎧
⎪⎨
⎪⎩
0, y = 0,
∑p2−1
j=0 ζ
−x .g
p1−1
p2 . j+n
1
1 , y = 0.
We now describe the primitive central idempotents of Fq [G] associated with the
irreducible characters of degree 1. Let ι : G → F¯q be the trivial character of G. Clearly
eFq (ι) =
1
p1 p2
∑
g ∈ G
g. (5)
Lemma 3. For 0 ≤ m ≤ p2 − 2,
eFq (ψm) =
1
p1 p2
⎛
⎝ f2
p1−1∑
x=0
ax +
p2−2∑
j=0
η
(2)
m+ j
⎛
⎝
p1−1∑
x=0
ax bg
j
2
⎞
⎠
⎞
⎠ ,
and eFq (ψm) = eFq (ψm′) if, and only if, m ≡ m′ mod e2.
Proof. Let 0 ≤ m ≤ p2 − 2.
eFq (ψm) =
∑
σ∈Gal(Fq (ψm )/Fq )
e(σψm)
=
∑
σ∈Gal(Fq (ζ2)/Fq )
e(σψm), since Fq(ψm) = Fq(ζ2)
= 1
p1 p2
⎛
⎝
p1−1∑
x=0
p2−1∑
y=0
⎛
⎝
∑
σ∈Gal(Fq (ζ2)/Fq )
σ (ζ
gm2 y
2 )
⎞
⎠ ax by
⎞
⎠
= 1
p1 p2
⎛
⎝ f2
p1−1∑
x=0
ax +
p2−1∑
y=1
⎛
⎝
f2−1∑
i=0
(ζ
gm2 y
2 )
qi
⎞
⎠
⎛
⎝
p1−1∑
x=0
ax by
⎞
⎠
⎞
⎠
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= 1
p1 p2
⎛
⎝f2
p1−1∑
x=0
ax +
p2−2∑
j=0
⎛
⎝
f2−1∑
i=0
(ζ
gm+ j2
2 )
qi
⎞
⎠
⎛
⎝
p1−1∑
x=0
ax bg
j
2
⎞
⎠
⎞
⎠
= 1
p1 p2
⎛
⎝ f2
p1−1∑
x=0
ax +
p2−2∑
j=0
η
(2)
m+ j
⎛
⎝
p1−1∑
x=0
ax bg
j
2
⎞
⎠
⎞
⎠ .
As η(2)i = η(2)i+e2 for all i ≥ 0, it follows that eFq (ψm) = eFq (ψm+e2). Further-
more, eFq (ψm), for 0 ≤ m ≤ e2 − 1, are distinct since, in view of Lemma 1, tuple
(η
(2)
m , η
(2)
m+1, η
(2)
m+2, . . .) is not equal to the tuple (η
(2)
m′ , η
(2)
m′+1, η
(2)
m′+2, . . .) for 0 ≤ m, m′ ≤
e2 − 1, m = m′. 
In the next lemma, we describe the primitive central idempotents eFq (φn), 0 ≤ n ≤
p1−1
p2 − 1, associated with non-linear irreducible characters.
Lemma 4.
(i) If p2 | f1, then, for 0 ≤ n ≤ p1−1p2 − 1,
eFq (φn) =
p2
p1[Fq(ζ1) : K ]
⎛
⎝ f1 +
p1−2∑
k=0
η
(1)
n+ka
gk1
⎞
⎠
and eFq (φn) = eFq (φn′) if and only if n ≡ n′ mod e1.
(ii) If p2  f1, then, for 0 ≤ n ≤ p1−1p2 − 1,
eFq (φn) =
1
[Fq(ζ1) : K ] p1
⎛
⎝ f1 p2 +
p1−2∑
i=0
⎛
⎝
p2−1∑
j=0
η
(1)
n+i+ j . e1p2
⎞
⎠ ag
i
1
⎞
⎠
and eFq (φn) = eFq (φn′) if and only if n ≡ n′ mod e1p2 .
Proof. Observe that Fq(φn) = K for all n ≥ 0. Therefore,
[Fq(ζ1) : K ]eFq (φn) = [Fq(ζ1) : K ]
∑
σ∈Gal(Fq (φn)/Fq )
e(σ φn)
= [Fq(ζ1) : K ]
∑
σ∈Gal(K/Fq )
e(σ φn)
=
∑
σ∈Gal(Fq (ζ1)/Fq )
e(σ φn)
=
∑
σ∈Gal(Fq (ζ1)/Fq )
⎛
⎝ p2
p1 p2
p1−1∑
x=0
σ(φn(a
−x ))ax
⎞
⎠
384 Gurmeet K Bakshi, Shalini Gupta and Inder Bir S Passi
= p2
p1 p2
p1−1∑
x=0
p2−1∑
j=0
∑
σ∈Gal(Fq (ζ1)/Fq )
σ
⎛
⎝ζ x .g
p1−1
p2 . j+n
1
1
⎞
⎠ ax
= 1
p1
p1−1∑
x=0
p2−1∑
j=0
f1−1∑
l=0
⎛
⎝ζ x . g
p1−1
p2 . j+n
1
1
⎞
⎠
ql
ax
= 1
p1
⎛
⎜⎝ f1 p2 +
p1−2∑
i=0
p2−1∑
j=0
f1−1∑
l=0
⎛
⎝ζ g
p1−1
p2 . j+n+i
1
1
⎞
⎠
ql
ag
i
1
⎞
⎟⎠ .
(6)
Case 1. p2 | f1. In this case, g
p1−1
p2
. j
1 ∈ 〈q〉 ⊆ Z∗p1 for all j , 0 ≤ j ≤ p2 − 1. Therefore,
f1−1∑
l=0
⎛
⎝ζ g
p1−1
p2 . j+n+i
1
1
⎞
⎠
ql
=
f1−1∑
l=0
(
ζ
gn+i1
1
)ql
= η(1)n+i
for 0 ≤ j ≤ p2 − 1. Substituting in eq. (6), we get
[Fq(ζ1) : K ]eFq (φn) =
1
p1
⎛
⎝ f1 p2 +
p1−2∑
i=0
p2−1∑
j=0
η
(1)
n+i a
gi1
⎞
⎠
= 1
p1
⎛
⎝ f1 p2 + p2
p1−2∑
i=0
η
(1)
n+i a
gi1
⎞
⎠
= p2
p1
( f1 +
p1−2∑
i=0
η
(1)
n+i a
gi1).
Since the right-hand side of the above equation is non-zero, it follows that [Fq(ζ1) : K ] is
invertible in Fq and, consequently,
eFq (φn) =
p2
[Fq(ζ1) : K ] p1
⎛
⎝ f1 +
p1−2∑
i=0
η
(1)
n+i a
gi1
⎞
⎠ .
Since η(1)i = η(1)i+e1 for all i ≥ 0, we have eFq (φn) = eFq (φn+e1). Also eFq (φn), 0 ≤ n ≤
e1 − 1 are all distinct, since, in view of Lemma 1, the tuple (η(1)n , η(1)n+1, η(1)n+2, . . .) is not
equal to the tuple (η(1)
n′ , η
(1)
n′+1, η
(1)
n′+2, . . .) for 0 ≤ n, n′ ≤ e1 − 1, n = n′.
Case 2. p2  f1. For 1 ≤ j ≤ p2 − 1, let j ′ be the remainder obtained on dividing
f1 j by p2. We observe that
(
g
p1−1
p2
. j− e1p2 . j
′
1
) f1
= ge1 f1
f1 j− j ′
p2
1 ≡ 1 mod p1. This gives
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g
p1−1
p2
. j− e1p2 . j
′
1 ∈ 〈q〉 ⊆ Z∗p1 . Hence,
f1−1∑
l=0
⎛
⎝ζ g
p1−1
p2 . j+n+i
1
1
⎞
⎠
ql
=
f1−1∑
l=0
⎛
⎝ζ g
e1
p2 . j
′+n+i
1
1
⎞
⎠
ql
= η(1)
n+i+ e1p2 . j ′
.
Note that as j runs through 1 to p2 − 1, so does j ′. Therefore,
p2−1∑
j=1
f1−1∑
l=0
⎛
⎝ζ g
p1−1
p2 . j+n+i
1
1
⎞
⎠
ql
=
p2−1∑
j ′=1
η
(1)
n+i+ e1p2 . j ′
. (7)
From equations (6) and (7), we obtain
[Fq(ζ1) : K ]eFq (φn)
= 1
p1
⎛
⎜⎝f1 p2 +
p1−2∑
i=0
p2−1∑
j=0
f1−1∑
l=0
⎛
⎝ζ g
p1−1
p2 . j+n+i
1
1
⎞
⎠
ql
ag
i
1
⎞
⎟⎠
= 1
p1
⎛
⎝f1 p2 +
p1−2∑
i=0
⎛
⎝
f1−1∑
l=0
(ζ
gn+i1
1 )
ql +
p2−1∑
j=1
f1−1∑
l=0
(ζ
g
p1−1
p2 . j+n+i
1
1 )
ql
⎞
⎠ag
i
1
⎞
⎠
= 1
p1
⎛
⎝f1 p2 +
p1−2∑
i=0
⎛
⎝η(1)n+i +
p2−1∑
j=1
η
(1)
n+i+ e1p2 . j
⎞
⎠ag
i
1
⎞
⎠
= 1
p1
⎛
⎝f1 p2 +
p1−2∑
i=0
⎛
⎝
p2−1∑
j=0
η
(1)
n+i+ j e1p2
⎞
⎠ ag
i
1
⎞
⎠ . (8)
We next see that the right-hand side of eq. (8) is non-zero. Suppose not, then
η
(1)
n+i + η(1)n+i+ e1p2
+ η(1)
n+i+2 . e1p2
+ · · · + η(1)
n+i+(p2−1) e1p2
= 0,
for 0 ≤ i ≤ p1 − 2. In particular,
η
(1)
0 + η(1)e1
p2
+ η(1)
2 . e1p2
+ · · · + η(1)
(p2−1) e1p2
= 0
η
(1)
1 + η(1)1+ e1p2
+ η(1)
1+2 . e1p2
+ · · · + η(1)
1+(p2−1) e1p2
= 0
· · ·
η
(1)
e1
p2
−1 + η
(1)
e1
p2
−1+ e1p2
+ η(1)e1
p2
−1+2 . e1p2
+ · · · + η(1)e1
p2
−1+(p2−1) e1p2
= 0.
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On adding the above system of equations, we get η(1)0 +η(1)1 +· · ·+η(1)e1−1 = 0, which is a
contradiction, since
∑e1−1
i=0 η
(1)
i = −1. Consequently, [Fq(ζ1) : K ] is invertible in Fq and
eFq (φn) =
1
[Fq(ζ1) : K ] p1
⎛
⎝ f1 p2 +
p1−2∑
i=0
⎛
⎝
p2−1∑
j=0
η
(1)
n+i+ j e1p2
⎞
⎠ ag
i
1
⎞
⎠ .
It is clear from the above expression that eFq (φn) = eFq (φn+ e1p2 ). That the idempotents
eFq (φn), 0 ≤ n ≤ e1p2 − 1 are all distinct is a consequence of the following:
Lemma 5. For 0 ≤ n, n′ ≤ e1p2 − 1, n = n′, there exists i , 0 ≤ i ≤ p1 − 2, such that
p2−1∑
j=0
η
(1)
n+i+ j e1p2
=
p2−1∑
j=0
η
(1)
n′+i+ j e1p2
.
Proof. Let θi := 1p1 ( f1 +
∑p1−2
j = 0 η
(1)
i+ j a
g j1 ), 0 ≤ i ≤ e1 − 1 be the primitive central
idempotents of Fq [〈a〉] as given in Lemma 1. Suppose the lemma is not true, i.e., we have
p2−1∑
j=0
η
(1)
n+i+ j e1p2
=
p2−1∑
j=0
η
(1)
n′+i+ j e1p2
,
for 0 ≤ i ≤ p1 − 2. It then follows that
p2−1∑
j=0
θk+ j e1p2
=
p2−1∑
j=0
θk+n′−n+ j e1p2
,
for 0 ≤ k ≤ e1p2 − 1. Therefore,
p2−1∑
j=0
θk+ j e1p2
=
⎛
⎝
p2−1∑
j=0
θk+ j e1p2
⎞
⎠
2
=
⎛
⎝
p2−1∑
i=0
θk+i . e1p2
⎞
⎠
⎛
⎝
p2−1∑
j=0
θk+n′−n+ j . e1p2
⎞
⎠
=
p2−1∑
i=0
p2−1∑
j=0
θk+i . e1p2
θk+n′−n+ j . e1p2
.
However, for 0 ≤ i, j ≤ p2 − 1, n = n′, the idempotent θk+i . e1p2 is orthogonal to
θk+n′−n+ j . e1p2
. Thus we have
p2−1∑
j=0
θk+ j e1p2
= 0, 0 ≤ k ≤ e1
p2
− 1.
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Adding these equations, we get
e1
p2
−1∑
k=0
p2−1∑
j=0
θk+ j e1p2
= 0.
Now the left-hand side of the above equation is equal to
∑e1−1
i=0 θi . We thus have a
contradiction, since
e1−1∑
i=0
θi = 1 − 1p1
p1−1∑
i=0
ai = 0. 
Remark 1. It turns out (see eq. (14)) that
[Fq(ζ1) : K ] =
{
p2, p2 | f1,
1, p2  f1.
Theorem 1 is now an immediate consequence of the foregoing lemmas.
3. Wedderburn decomposition of Fq[G]
If G is an abelian group of order p1 p2, then G ∼= Zp2 or G ∼= Zp ⊕ Zp (in case p1 =
p2 = p, say); otherwise G ∼= Zp1 ⊕ Zp2 . Let
f := ordp(q) and f ′ := ordp2(q). (9)
Set
e := p − 1f and e
′ := p(p − 1)f ′ . (10)
The Wedderburn decomposition of Fq [G] in this case given in Proposition 2 of [4] can be
seen to read as follows:
Theorem 2.
(i) If G ∼= Zp2 , then
Fq [G] ∼= Fq ⊕ Fq f ⊕ · · · ⊕ Fq f︸ ︷︷ ︸
e
⊕ Fq f ′ ⊕ · · · ⊕ Fq f ′︸ ︷︷ ︸
e′
.
(ii) If G ∼= Zp ⊕ Zp, then
Fq [G] ∼= Fq ⊕ Fq f ⊕ · · · ⊕ Fq f︸ ︷︷ ︸
e(p + 1)
.
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(iii) If G ∼= Zp1 ⊕ Zp2 , then
Fq [G]∼=Fq⊕ Fq f1 ⊕· · · ⊕ Fq f1︸ ︷︷ ︸
e1
⊕ Fq f2 ⊕ · · · ⊕ Fq f2︸ ︷︷ ︸
e2
⊕ Fq f3 ⊕ · · · ⊕ Fq f3︸ ︷︷ ︸
e3
.
For χ ∈ Irr(G), let A(χ, Fq) := Fq [G]eFq (χ). The following theorem describes the
Wedderburn decomposition of Fq [G], when G is a non-abelian group of order p1 p2.
Theorem 3. Let G = 〈a, b | a p1 = bp2 = 1, b−1ab = au〉 be a metacyclic group
of order p1 p2, where p1 and p2 are primes, p2 | p1 − 1 and u, an element of order p2
in Z∗p1 .
(i) If p2| f1 and f1 = p2r (say), then
Fq [G] ∼= Fq ⊕ Fq f2 ⊕ · · · ⊕ Fq f2︸ ︷︷ ︸
e2
⊕ Mp2(Fqr ) ⊕ · · · ⊕ Mp2(Fqr︸ ︷︷ ︸)
e1
.
(ii) If p2  f1, then
Fq [G] ∼= Fq ⊕ Fq f2 ⊕ · · · ⊕ Fq f2︸ ︷︷ ︸
e2
⊕ Mp2(Fq f1 ) ⊕ · · · ⊕ Mp2(Fq f1 )︸ ︷︷ ︸
e1
p2 .
.
Proof. Let
e˜ :=
{
e1, p2 | f1,
e1
p2 , p2  f1.
(11)
By Theorem 1, eFq (ι), eFq (ψm), eFq (φn), 0 ≤ m ≤ e2 − 1, 0 ≤ n ≤ e˜ − 1 constitute a
complete set of distinct primitive central idempotents of Fq [G]. Therefore,
Fq [G] ∼= A(ι, Fq) ⊕ A(ψ0, Fq) ⊕ · · · ⊕ A(ψe2−1, Fq)
⊕ A(φ0, Fq) ⊕ · · · ⊕ A(φe˜−1, Fq).
We have eFq (ι) = 1p1 p2
∑
g ∈ G g and A(ι, Fq) = Fq [G]eFq (ι) ∼= Fq .
For 0 ≤ m ≤ e2 − 1, ψm being a linear character, A(ψm, Fq) is commutative and
so A(ψm, Fq) is equal to its centre. But, in view of Proposition 1.4 of [22], the centre
of A(ψm, Fq) is isomorphic to Fq(ψm) = Fq(ζ2). Hence A(ψm, Fq) ∼= Fq(ζ2) for 0 ≤
m ≤ e2 − 1.
For 0 ≤ i ≤ e˜ − 1, by Wedderburn structure theorem, A(φi , Fq) = Fq [G]eFq (φi ) ∼=
Mni (Di ) for some finite dimensional division algebra Di , say, over Fq and ni ≥ 1. Since
Fq is a finite field, Di is a finite division algebra and therefore Di is a field and so the
centre of A(φi , Fq) is isomorphic to Di . However, again in view of loc. cit. of [22], the
centre of A(φi , Fq) is isomorphic to Fq(φi ) = K . Therefore, Di ∼= K . Observe that
Semisimple metacyclic group algebras 389
A(φi , Fq) 0 ≤ i ≤ e˜−1 are all isomorphic as Fq -vector spaces. Therefore, it follows that
n0 = n1 = · · · = ne˜ = n˜ (say). Consequently, A(φi , Fq) ∼= Mn˜(K ) for 0 ≤ i ≤ e˜−1 and
Fq [G] ∼= Fq ⊕ Fq(ζ2) ⊕ · · · ⊕ Fq(ζ2)︸ ︷︷ ︸
e2
⊕ Mn˜(K ) ⊕ · · · ⊕ Mn˜(K )︸ ︷︷ ︸
e˜
. (12)
Furthermore,
Z(Fq [G]) ∼= Fq ⊕ Fq(ζ2) ⊕ · · · ⊕ Fq(ζ2)︸ ︷︷ ︸
e2
⊕ K ⊕ · · · ⊕ K︸ ︷︷ ︸
e˜
, (13)
where Z(Fq [G]) is the centre of Fq [G]. On comparing the dimension over Fq on both
sides of eqs (12) and (13), we obtain that n˜ = p2 and
[K : Fq ] =
⎧
⎪⎪⎨
⎪⎪⎩
f1
p2
, p2 | f1,
f1, p2  f1.
(14)
This completes the proof. 
4. Automorphism group
Let n ≥ 1. Let Sn denote the symmetric group on n symbols; Zn , the cyclic group of order
n; and SLn(F), the group of n × n invertible matrices over the field F of determinant 1.
For any group H , H (n) denotes a direct sum of n copies of H . By H1  H2, we mean the
split extension of the group H1 by the group H2. For any Fq -algebra A, Aut(A) denotes
the group of Fq -automorphism of the algebra A.
Theorem 4. Let G be as in Theorem 2.
(i) If G ∼= Zp2 , then
Aut(Fq [G]) ∼=
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(Z
(e)
f  Se) ⊕ (Z(e
′)
f ′  Se′), f = f ′, f = 1,
Se+1 ⊕ (Z(e′)f ′  Se′), f = f ′, f = 1,
Z
(e+e′)
f  Se+e′ , f = f ′, f = 1,
Se+e′+1, f = f ′ = 1.
(ii) If G ∼= Zp ⊕ Zp, then
Aut(Fq [G]) ∼=
{
Z
(e(p+1))
f  Se(p+1), f = 1,
Se(p+1)+1, f = 1.
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(iii) If G ∼= Zp1 ⊕ Zp2 , then
Aut(Fq [G])∼=
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(Z
(e1)
f1 Se1)⊕(Z
(e2)
f2 Se2)⊕(Z
(e3)
f3 Se3), f1 = f2, f1 =1, f2 =1,
Se1+1 ⊕ (Z(e2+e3)f2  Se2+e3), f1 = f2, f1 = 1,
Se2+1 ⊕ (Z(e1+e3)f1  Se1+e3), f1 = f2, f2 = 1,
Z
(e1+e2+e3)
f1  Se1+e2+e3 , f1 = f2, f1 = 1,
Se1+e2+e3+1, f1 = f2 = 1.
Proof.
(i) We have, by Theorem 2(i),
Fq [G] ∼= Fq ⊕A⊕A′,
where A = Fq f ⊕ · · · ⊕ Fq f︸ ︷︷ ︸
e
and A′ = Fq f ′ ⊕ · · · ⊕ Fq f ′︸ ︷︷ ︸
e′
.
We first consider the case when f = f ′, f = 1. Since f | f ′, we also have in this
case that f ′ = 1. Observe, in view of Lemma 3.8 of [13], that any σ ∈ Aut(Fq [G]),
is identity on Fq and keeps A and A′ invariant, i.e σ(A) = A and σ(A′) = A′. This
gives a map Aut(Fq [G]) → Aut(A) ⊕ Aut(A′) by setting σ → (σ |A, σ |A′), which is an
isomorphism, where σ |A ( resp. σ |A′ ) is the restriction of σ to A (resp. A′).
Also, by Lemma 3.8 of [13], any σ ∈ Aut(A) defines a permutation σ˜ , say, in Se.
Therefore, we have a map σ → σ˜ from Aut(A) to Se, which can be seen to be an epi-
morphism with kernel (Gal(Fq f /Fq))(e) ∼= Z(e)f . Thus Aut(A) is an extension of Z(e)f
by Se. One can check that this extension splits. Hence Aut(A) ∼= Z(e)f  Se. Similarly
Aut(A′) ∼= Z(e′)f ′  Se′ , which proves the first case of (i). Similarly the other cases of (i)
follow.
(ii) and (iii) can be proved similarly. 
Theorem 5. Let G be as in Theorem 3.
(i) If p2 | f1, then
Aut(Fq [G]) ∼=
{
(Z
(e2)
f2  Se2) ⊕ (H
(e1)
1  Se1), f2 = 1,
Se2+1 ⊕ (H (e1)1  Se1), f2 = 1,
where H1 = SLp2(Fqr )  Zr .
(ii) If p2  f1, then
Aut(Fq [G]) ∼=
{
(Z
(e2)
f2  Se2) ⊕ (H
(e1/p2)
2  Se1/p2), f2 = 1,
Se2+1 ⊕ (H (e1/p2)2  Se1/p2), f2 = 1,
where H2 = SLp2(Fq f1 )  Z f1 .
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Proof.
(i) We have, by Theorem 3(i),
Fq [G] ∼= Fq ⊕ B ⊕ C,
where B = Fq f2 ⊕ · · · ⊕ Fq f2︸ ︷︷ ︸
e2
and C = Mp2(Fqr ) ⊕ · · · ⊕ Mp2(Fqr︸ ︷︷ ︸)
e1
.
Suppose that f2 = 1. As before, we have
Aut(Fq [G]) ∼= Aut(B) ⊕ Aut(C)
and
Aut(B) ∼= Z(e2)f2  Se2, Aut(C) ∼= (Aut(Mp2(Fqr ))(e1)  Se1 .
We now show that Aut(Mp2(Fqr )) ∼= SLp2(Fqr )  Zr . Observe that any σ ∈
Aut(Mp2(Fqr )) restricted to its centre, Z(Mp2(Fqr )) ∼= Fqr , defines an element
in Gal(Fqr /Fq). This gives a map σ → σ |Z(Mp2 (Fqr )) from Aut(Mp2(Fqr ))
to Gal(Fqr /Fq), which is an epimorphism with the kernel, the group of Fqr -
automorphisms of Mp2(Fqr ). However, by Skolem–Noether theorem, the group
of Fqr -automorphisms of Mp2(Fqr ) is isomorphic to SLp2(Fqr ). Therefore,
Aut(Mp2(Fqr )) is an extension of SLp2(Fqr ) by Gal(Fqr /Fq) ∼= Zr . Furthermore, we
see that this extension splits because for each σ ∈ Gal(Fqr /Fq), there is an automor-
phism of Mp2(Fqr ) given by letting σ act on each entry of its matrices. This proves
the first case of (i).
It can be similarly be proved that if f2 = 1, then
Aut(Fq [G]) ∼= Se2+1 ⊕ (H (e1)1  Se1).
(ii) This can be proved similarly. 
5. Examples
In this section, we give some examples to illustrate the computation of primitive cen-
tral idempotents, Wedderburn decomposition and automorphism group as obtained from
Theorems 1–5.
5.1 The group algebra Fq [S3]
As the first example, let us consider S3 = 〈a, b | a3 = b2 = 1, b−1ab = a2〉, the
symmetric group of degree 3. In this case p1 = 3 and p2 = 2 and gcd(q, 6) = 1. The
following two cases arise:
5.1.1 q ≡ 1 mod 6. In this case, we have f1 = 1, e1 = 2, f2 = 1, e2 = 1. We fix
g1 = 2. If ζ is a primitive 3rd root of unity in Fq , then η(1)0 = ζ , η(1)1 = ζ 2 and η(1)i = η(1)i+2
for all i ≥ 0. Also η(2)i = η(2)0 = −1 for all i .
5.1.2 q ≡ 5 mod 6. In this case, we have f1 = 2, e1 = 1, f2 = 1, e2 = 1. Further,
η
(1)
i = η(1)0 = −1 and η(2)i = η(2)0 = −1 for all i ≥ 0.
392 Gurmeet K Bakshi, Shalini Gupta and Inder Bir S Passi
In both the above cases, by Theorem 1, Fq [S3] has the following three distinct primitive
central idempotents:
1
6
∑
g∈S3
g,
1
6
(
2∑
i=0
ai −
2∑
i=0
ai b
)
,
1
3
(
2 −
2∑
i=1
ai
)
.
Furthermore, by Theorem 3,
Fq [S3] = Fq ⊕ Fq ⊕ M2(Fq)
is the Wedderburn decomposition of Fq [S3], which is proved in [21].
Also, by Theorem 5, Aut(Fq [S3]) ∼= S2 ⊕ SL2(Fq).
5.2 The group algebra Fq [D10]
We next consider the group D10 = 〈a, b | a5 = 1, b2 = 1, b−1ab = a−1〉, the dihedral
group of order 10. In this case p1 = 5, p2 = 2 and gcd(q, 10) = 1. Fix g1 = 2 and ζ is a
primitive 5th root of unity in F¯q . The following cases arise:
5.2.1 q ≡ 1 mod 10. f1 = 1, e1 = 4, f2 = 1, e2 = 1. η(1)0 = ζ , η(1)1 = ζ 2, η(1)2 = ζ 4,
η
(1)
3 = ζ 3 and η(1)i = η(1)i+4 for all i ≥ 0. Also η(2)i = η(2)0 = −1 for all i .
5.2.2 q ≡ 3 or 7 mod 10. f1 = 4, e1 = 1, f2 = 1, e2 = 1. η(1)i = η(1)0 = −1,
η
(2)
i = η(2)0 = −1 for all i .
5.2.3 q ≡ 9 mod 10. f1 = 2, e1 = 2, f2 = 1, e2 = 1. η(1)0 = ζ + ζ 4, η(1)1 = ζ 2 + ζ 3
and η(1)i = η(1)i+2 for all i ≥ 0. Also η(2)i = η(2)0 = −1 for all i .
Primitive central idempotents
5.2.4 q ≡ 1, 9 mod 10. In this case Fq [D10] has the following four primitive central
idempotents:
1
10
∑
g ∈ D10 g,
1
10
(
4∑
i = 0
ai −
4∑
i = 0
ai b
)
,
1
5
(2 + (ζ + ζ 4)(a + a4) + (ζ 2 + ζ 3)(a2 + a3)),
1
5
(2 + (ζ 2 + ζ 3)(a + a4) + (ζ + ζ 4)(a2 + a3)).
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5.2.5 q ≡ 3, 7 mod 10. In this case Fq [D10] has the following three primitive central
idempotents:
1
10
∑
g ∈ D10 g,
1
10
(
4∑
i = 0
ai −
4∑
i = 0
ai b
)
,
1
5
(
4 −
4∑
i=1
ai
)
.
Wedderburn decomposition:
Fq [D10] ∼=
{
Fq ⊕ Fq ⊕ M2(Fq) ⊕ M2(Fq), q ≡ 1, 9 mod 10,
Fq ⊕ Fq ⊕ M2(Fq2), q ≡ 3, 7 mod 10.
Automorphism group:
Aut(Fq [D10]) ∼=
{
S2 ⊕ (SL2(Fq)  S2), q ≡ 1, 9 mod 10,
S2 ⊕ (SL2(Fq2)  Z2), q ≡ 3, 7 mod 10.
The Wedderburn decomposition of Fq [D10] is obtained in [12].
5.3 The group algebra Fq [Z7  Z3]
Consider the presentation 〈a, b | a7 = 1, b3 = 1, b−1ab = a2〉 of G := Z7  Z3. In this
case, we have p1 = 7, p2 = 3 and gcd(q, 21) = 1. Fix g1 = 3 and g2 = 2. Let ζ1 be a
primitive 7th root of unity and ζ2, a primitive 3rd root of unity in F¯q . The following cases
arise:
5.3.1 q ≡ 1 mod 21. In this case, we have f1 = 1, e1 = 6, f2 = 1, e2 = 2, η(1)0 = ζ1,
η
(1)
1 = ζ 31 , η(1)2 = ζ 21 , η(1)3 = ζ 61 , η(1)4 = ζ 41 , η(1)5 = ζ 51 and η(1)i = η(1)i+6 ∀ i ≥ 0. Also
η
(2)
0 = ζ2, η(2)1 = ζ 22 and η(2)i = η(2)i+2 ∀ i ≥ 0.
5.3.2 q ≡ 2, 11 mod 21. f1 = 3, e1 = 2, f2 = 2, e2 = 1, η(1)0 = ζ1+ζ 21 +ζ 41 , η(1)1 =
ζ 31 + ζ 51 + ζ 61 , and η(1)i = η(1)i+2 ∀ i ≥ 0. Also η(2)0 = −1, and η(2)i = η(2)i+1 ∀ i ≥ 0.
5.3.3 q ≡ 4, 16 mod 21. f1 = 3, e1 = 2, f2 = 1, e2 = 2, η(1)0 = ζ1+ζ 21 +ζ 41 , η(1)1 =
ζ 31 + ζ 51 + ζ 61 and η(1)i = η(1)i+2 ∀ i ≥ 0. η(2)0 = ζ2, η(2)1 = ζ 22 and η(2)i = η(2)i+2 ∀ i ≥ 0.
5.3.4 q ≡ 5, 17 mod 21. f1 = 6, e1 = 1, f2 = 2, e2 = 1, η(1)0 = −1, and η(1)i =
η
(1)
i+1 ∀ i ≥ 0. η(2)0 = −1, η(2)i = η(2)i+1 ∀ i ≥ 0.
5.3.5 q ≡ 8 mod 21. f1 = 1, e1 = 6, f2 = 2, e2 = 1, η(1)0 = ζ1, η(1)1 = ζ 31 , η(1)2 =
ζ 21 , η
(1)
3 = ζ 61 , η(1)4 = ζ 41 , η(1)5 = ζ 51 and η(1)i = η(1)i+6 ∀ i ≥ 0. η(2)0 = −1 and
η
(2)
i = η(2)i+1 ∀ i ≥ 0.
5.3.6 q ≡ 10, 19 mod 21. f1 = 6, e1 = 1, f2 = 1, e2 = 2, η(1)0 = −1 and η(1)i =
η
(1)
i+1 ∀ i ≥ 0. η(2)0 = ζ2, η(2)1 = ζ 22 and η(2)i = η(2)i+2 ∀ i ≥ 0.
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5.3.7 q ≡ 13 mod 21. f1 = 2, e1 = 3, f2 = 1, e2 = 2, η(1)0 = ζ1 + ζ 61 , η(1)1 =
ζ 31 + ζ 41 , η(1)2 = ζ 21 + ζ 51 and η(1)i = η(1)i+3 ∀ i ≥ 0. Also η(2)0 = ζ2, η(2)1 = ζ 22 and
η
(2)
i = η(2)i+2 ∀i ≥ 0.
5.3.8 q ≡ 20 mod 21. f1 = 2, e1 = 3, f2 = 2, e2 = 1, η(1)0 = ζ1 + ζ 61 , η(1)1 =
ζ 31 + ζ 41 , η(1)2 = ζ 21 + ζ 51 and η(1)i = η(1)i+3 ∀ i ≥ 0. η(2)0 = −1 and η(2)i = η(2)i+1 ∀ i ≥ 0.
Primitive central idempotents:
The primitive central idempotents arising in the various cases are as follows:
5.3.9 q ≡ 1, 4, 16 mod 21.
1
21
∑
g ∈ G g,
1
21
(
6∑
i = 0
ai + ζ2
6∑
i = 0
ai b + ζ 22
6∑
i = 0
ai b2
)
,
1
21
(
6∑
i = 0
ai + ζ 22
6∑
i = 0
ai b + ζ2
6∑
i = 0
ai b2
)
,
1
7
(3 + (ζ1 + ζ 21 + ζ 41 )(a + a2 + a4) + (ζ 31 + ζ 51 + ζ 61 )(a3 + a5 + a6)),
1
7
(3 + (ζ 31 + ζ 51 + ζ 61 )(a + a2 + a4) + (ζ1 + ζ 21 + ζ 41 )(a3 + a5 + a6)).
5.3.10 q ≡ 2, 8, 11 mod 21.
1
21
∑
g ∈ G g,
1
21
(
2
6∑
i = 0
ai −
6∑
i = 0
ai b −
6∑
i = 0
ai b2
)
,
1
7
(3 + (ζ1 + ζ 21 + ζ 41 )(a + a2 + a4) + (ζ 31 + ζ 51 + ζ 61 )(a3 + a5 + a6)),
1
7
(3 + (ζ 31 + ζ 51 + ζ 61 )(a + a2 + a4) + (ζ1 + ζ 21 + ζ 41 )(a3 + a5 + a6)).
5.3.11 q ≡ 5, 17, 20 mod 21.
∑
g ∈ G
g,
1
21
(
2
6∑
i = 0
ai −
6∑
i = 0
ai b −
6∑
i = 0
ai b2
)
,
1
7
(
6 −
6∑
i=1
ai
)
.
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5.3.12 q ≡ 10, 13, 19 mod 21.
1
21
∑
g ∈ G
g,
1
21
(
6∑
i = 0
ai + ζ2
(
6∑
i = 0
ai b
)
+ ζ 22
(
6∑
i = 0
ai b2
))
,
1
21
(
6∑
i = 0
ai + ζ 22
(
6∑
i = 0
ai b
)
+ ζ2
(
6∑
i = 0
ai b2
))
,
1
7
(
6 −
6∑
i = 1
ai
)
.
Wedderburn decomposition:
Fq [Z7  Z3] ∼=
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
Fq ⊕ Fq ⊕ Fq ⊕ M3(Fq) ⊕ M3(Fq), q ≡ 1, 4, 16 mod 21,
Fq ⊕ Fq2 ⊕ M3(Fq) ⊕ M3(Fq), q ≡ 2, 8, 11 mod 21,
Fq ⊕ Fq2 ⊕ M3(Fq2), q ≡ 5, 17, 20 mod 21,
Fq ⊕ Fq ⊕ Fq ⊕ M3(Fq2), q ≡ 10, 13, 19 mod 21.
Automorphism group:
Aut(Fq [Z7  Z3]) ∼=
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
S3 ⊕ (SL3(Fq)  S2), q ≡ 1, 4, 16 mod 21,
Z2 ⊕ (SL3(Fq)  S2), q ≡ 2, 8, 11 mod 21,
Z2 ⊕ (SL3(Fq2)  Z2), q ≡ 5, 17, 20 mod 21,
S3 ⊕ (SL3(Fq2)  Z2), q ≡ 10, 13, 19 mod 21.
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